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ABSTRACT

Floating-point arithmetic is an important source of errors
in programs because of the loss of accuracy it introduces.
Even if we can bound statically the roundoff error due to
the evaluation of an arithmetic expression, it is still difficult
to transform this expression into a more accurate one. The
goal of this article is to introduce a new semantics-based
transformation to automatically replace arithmetic expres-
sions by other expressions which are mathematically equal
but whose evaluation in the floating-point arithmetic intro-
duces smaller roundoff errors. The main difficulty is that
there is in general an exponential number of mathematically
equal expressions, up to associativity, commutativity and
distributivity. Our approach is based on abstract interpre-
tation and we introduce a new abstract domain to represent
in polynomial size an exponential number of mathematically
equivalent expressions. Compared to previous approaches,
this technique strongly improves the variety of expressions
that we can capture in the abstract and makes it possible to
distinguish mathematically equal expressions of very differ-
ent shapes.

1. INTRODUCTION

In computers, exact computations are approximated using
the floating-point arithmetic which relies on a finite repre-
sentation of the numbers [1, 13]. Although this approxima-
tion is accurate enough for most applications, in some cases,
the results become irrelevant or too inaccurate with respect
to the needs of the user. In programs, these roundoff errors
are very difficult to understand and to rectify by hand. At
least this task is strongly time consuming and, often, it is
almost impossible.

Recently, validation techniques based on abstract interpre-
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tation [2] have been developed to assert the numerical ac-
curacy of these computations and to help the programmer
to correct their codes [8]. For example, Fluctuat is a static
analyzer that enables one to detect the inaccuracies in C
codes and to understand their origin [6, 4]. This tool has
already been successfully used in many industrial projects,
in aeronautics and other industries. However, this method
does not indicate how programs have to be corrected in or-
der to produce smaller errors. The programmers have to
repeatedly write new versions of their codes and re-analyze
until they reach a version which meets the desired accuracy.
This process can be long and tedious as there are many ways
to write a program and as understanding errors in floating-
point arithmetic is not intuitive.

Our work concerns the automatic transformation, at compile-
time, of arithmetic expressions in order to improve their
numerical accuracy. To transform an expression, we pro-
ceed in two phases. In the first phase, we build an under-
approximation of all its mathematically equivalent expres-
sions (for a certain definition of mathematical equivalence
between expressions). This under-approximation must be
representable and tractable in polynomial size while cover-
ing as much as possible the exponential number of concrete
equivalent expressions. In the second phase, we explore our
abstract representation to find, still in polynomial-time, the
expression with the best accuracy. More precisely, we select
some expression which minimizes the roundoff errors in the
worst case, i.e. for the worst inputs taken in the ranges spec-
ified by the user. In other terms, we aim at specializing the
source program for ranges of inputs provided by the user.
This article mainly focuses on the first phase, the second
phase not being described in details because of space limi-
tations. Briefly speaking, this second phase, summarized in
Section 6, requires to explore an exponential space without
local selection criterium and we use a limited depth back-
tracking algorithm and an analysis ¢ la Fluctuat [11, 4] to
select an accurate expression among all the expressions en-
countered during the exploration. In this article, we present
a new method to generate a large set of arithmetic expres-
sions all mathematically equivalent to an original expression.
This kind of semantics-based transformation [3] has been in-
troduced in [10, 12] and the current work strongly improves
the existing transformations by permitting the generation of
alternative expressions of very different shapes.

Technically, we define a intermediate representation called
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Figure 1: Syntactic tree of expression e.
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Figure 2: APEG built on e by associativity.

Abstract Program Expression Graph (APEG), inspired from
the Equivalence Program Expression Graph (EPEG) struc-
ture introduced in [15] for the phase ordering problem in
compilers. Our APEGs use abstraction boxes to represent
in polynomial size very large sets of mathematically equiva-
lent expressions of different shapes. To prove the correctness
of our approach, we introduce a Galois connection between
sets of equivalent expressions and APEGs and we introduce
an abstract semantics to under-approximate by APEGs the
set of evaluation traces of an arithmetic expression up to
associativity, commutativity, etc. Finally, we present exper-
imental results obtained with the Sardana tool which imple-
ments these techniques.

This article is organized as follows. Section 2 presents an
overview of our approach and Section 3 introduces APEGs.
Section 4 presents the transformations we apply to APEGs.
Section 5 defines the Galois connection between the collect-
ing semantics and APEGs. Section 6 contains a summary of
how the profitability analysis works. Finally, Section 7 gives
some experimental results.

2. OVERVIEW

In this section, we give an overview of the methodology used
to construct APEGs. APEGs are designed to represent, in
polynomial size, many expressions that are equal to the orig-
inal one we intend to optimize. The mathematic equality is
defined with respect to a certain set > of transformation
rules of expressions, for example associativity or distributiv-
ity. Our goal is to build a tractable abstraction of the set
of equal expressions and then to explore this abstract set

[3.14,3.15]

Figure 3: Example of product propagation.

to find an expression which minimizes the roundoff errors
arising during its evaluation.

First of all, an APEG is built upon the syntactic tree of
an arithmetic expression. We assume that, for each input
variable, an interval describing its range is provided by the
user. An APEG then contains the usual arithmetic opera-
tors (like +, X or —), and constants in the interval domain.
An example of syntactic tree is given in Figure 1 (intervals
are written between brackets). An APEG has two main fea-
tures : first, it is a compact data structure, of polynomial
size, which is able to cope with the issue of a combinato-
rial explosion thanks to the concept of classes of equivalent
nodes. Next, it contains abstraction boxes which represent
an exponential number of expressions.

In the next paragraphs, we detail how an APEG is con-
structed from the syntactic tree of Figure 1. We attach to
each node of the tree a set of equivalent nodes. These sets
are denoted in our figures by dashed ellipses. An APEG
is always constructed by adding new nodes in these sets of
equivalent nodes, or by adding a new node with its own set
of equivalent nodes. An important point is that nodes are
never discarded. For example, if > contains only the associa-
tivity of addition, we construct the APEG of Figure 2 over
the expression e = 7.61 — 2.0 x ([3.14; 3.15] + (2.62 + 8.62)).
Remark that the APEG of Figure 2 represents the expres-
sions 7.61 — 2.0 x ([3.14;3.15] + (2.62 + 8.62)) and 7.61 —
2.0 x (([3-14;3.15] + 2.62) + 8.62) without duplicating the
common parts of both expressions.

In order to produce various shapes of expressions, we intro-
duce transformations based on associativity, distributivity
and commutativity while keeping the size of APEGs poly-
nomial. First, by propagation of the products in the APEG
of Figure 2 we obtain the APEG of Figure 3. Next, we prop-
agate the subtraction in products and sums. This transfor-
mation underlines the interest of APEGs: a naive approach
would introduce a combinatorial explosion, since the prop-
agation of a negation into each product can be done in two
ways (—(axb) = (—a)xb = ax(=b)). Instead, as APEGs do
not duplicate the common parts of the structures: we simply
have to add to each multiplication a new branch connected
to the lower part of the structure (see Figure 4). Then we
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Figure 4: Example of subtraction propagation.

([3.14,3.15]] + ([a.w4,3.15]) [[+,(2.52,a.62)]] [[+,([3A14,3.15],262,8.62)}]

Figure 5: APEG with abstraction boxes.

represent all the possible propagations of the subtraction
without growing exponentially.

Finally, we add abstraction boxes into APEGs in the sub-
trees where an operator is uniformly repeated. Abstraction
boxes are represented in our figures by rectangles with a dou-
ble outline. Intuitively, an abstraction box is an abstraction
of all the parsings that we can obtain with the expressions
contained in the box and for a specific operator. For exam-

ple, the box |+, (a, b, ¢) | stands for any parsing of the sum of

a, band c. Abstraction boxes possibly represent an exponen-
tial number of expressions. An example of the abstraction
boxes we add to the APEG of Figure 2 is given in Figure 5.

Our approach consists of combining all these transforma-

tions, in order to generate the largest (yet polynomial) APEG.

The key idea is that we only add to APEGs expressions
which are equivalent to the original one. The correctness
relies on a Galois connection between a collecting semantics
containing traces of transformation and evaluation of expres-
sions and APEGs. This Galois connection is constructed as
an under-approximation of the set of equivalent expressions
in order to cover only equivalent expressions. Hence, we do
not cover all the equivalent expressions but we represent an
exponential number of them.

3. FORMAL DEFINITION OF APEGS

APEGs are inspired from the EPEG intermediate represen-
tation introduced in [15]. Initially, EPEGs were defined for

the phase ordering problem, to represent multiple equivalent
versions of an imperative program. They are built upon a C
program by application of a set of rewriting rules until satu-
ration. These rules correspond for example to constant prop-
agation or loop unfolding. This process is arbitrary stopped
at a certain depth to avoid infinite processing. Our APEGs
are not built from a set of rewriting rules applied until satu-
ration. Instead, we use a set of deterministic and polynomial
algorithms described in Section 4.

An APEG is built from an initial expression e with respect
to a certain set of binary relations > = {>;, 1 < i < n},
representing the mathematically equivalent transformations
we allow to perform on e. Usually we define [> as a subset of
rules of the real field containing associativity, commutativ-
ity, distributivity and factorization. Formally, if an expres-
sion e; can be transformed into the expression ez using a
relation of >, then e; and ez are mathematically equivalent.
We generalize this property with the >-equal relation.

Definition 1 >-equal : Let e1 and ez be two arithmetic
expressions, e1 is I>-equal to ea if (e1,e2) € >* where >* is
the transitive reflezive closure of the set of >; relations.

APEGs are syntactic trees whose nodes are classes of >-equal
expressions. Classes make it possible to have in one single
data structure many [>-equal expressions. Beside classes,
we introduce a new type of nodes in APEGs, called ab-
straction boxes which represent efficiently a possibly very
large set of >-equal expressions. An abstraction box is
defined by a binary symmetric operator * (like + or x)
and a set of operands L. Note that L may contain con-
stants, variables or abstraction boxes (abstraction boxes are

a recursive structure). The abstraction box B =
represents the set of expressions made of the * operator

among the operands of L. For example, |+7 (z1, 22,23, T4) |

abstracts all the parsings of Zz:ll x; and, for a recursive

box, | +, (z1, T2, z3, |+, (Y1, y2,y3) | ) | abstracts all the pars-

ings of Uz ey {d.'=; i} where Y denotes all the parsings of
Abstraction boxes are the cornerstone of our abstraction
as they make it possible to represent efficiently a huge set
of >-equal expressions. Note that, by definition of an ab-
straction box, an APEG represents only expressions that are
>-equal to the original one.

From a formal point of view, the set IIr. of APEGs is defined
inductively as the smallest set such that:

(i) a € II» where a is a leaf (a constant or an identifier or
an interval [a, b] abstracting all the values x such that
a<z<b),

(i3) *(lop,rop) € Il where % is a binary operator, lop
and rop are APEGs representing the left and right
operands of x,

(#i) | *, (p1,...,pn) | € I~ is an abstraction box defined by

the operator * and the APEGs p1, ..., p, as operands,



(i) (p1,...,pn) € I is a class of >-equal expressions,
where p1,...,p, are APEGS. We require that pi1,...,pn
cannot be classes of >-equal expressions themselves,
ie. pi1,...,pn are induced by the cases (i) to (i) of
the definition.

Nested equivalence classes do not make sense and are pro-
hibited in the last point of the above definition: since these
classes contain [>-equal expressions, a class (p1,...,pn, (p1,
.., Plm)) could always be rewritten in (p1, . ..
Examples of APEGs are given in figures 2 to 5. Equivalence
classes are represented by dotted ellipses in the pictures.

4. APEG CONSTRUCTION

In this section, we introduce the transformations which add
to APEGs new [>-equal expressions and abstraction boxes.
Each transformation is intended to only add new nodes into
the APEGs without discarding any other node. First of all,
recall from Section 3 that abstraction boxes are defined by
an operator and a set of expressions. In order to produce the
largest abstraction boxes, we have to introduce homogeneous
parts inside APEGs.

Definition 2 Full homogeneity Let * be a symmetric binary
operator and m an APEG. We say that  is fully homoge-
neous if all it only contains the operator x. Partial homo-
geneity We say that an APEG is partially homogeneous if
it contains one or several sub-APEGs of size at least two
which are fully homogeneous.

We introduce two kinds of transformations. First, we per-
form the homogenization of the APEG by adding new nodes

in order to introduce new homogeneous sub-expressions. Then

we apply the expansion functions which insert the abstrac-
tion boxes in the homogenized APEGs. All the transforma-
tions are designed to be executed in sequence, in polynomial-
time.

4.1 Homogenization Transformations
The homogenization transformations insert into an APEG
as many >-equal homogeneous expressions as possible.

Transformation of multiplication Multiplication may
yield two >-equal expressions : either by applying the dis-
tributivity over the addition or subtraction, or by applying
a further factorization to one or both of its operands (when-
ever it is possible). For example, the expression e = a x (b+
¢)+axd can be distributed either in e; = (axb+axc)+axd
or factorized into the expression ez = a X ((b+¢) + d). In
both cases e; and ez contain an homogeneous part for the
+ operator. This transformation is illustrated in Figure 6.

Transformation of minus The minus operator introduces
three kinds of transformations depending on which expres-
sion it is applied to. If the minus operator is applied to
an addition then it transforms the addition into a subtrac-
tion plus an unary minus operator. For example, —(a+b) is
transformed into (—a)—b. If the minus operator is applied to
a multiplication then it generates two >-equal expressions,
depending on the operands. For example, —(a X b) generates
the >-equal expressions (—a) x b and a x (—b). If the minus
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operator is applied on another minus operator they anneal
each other. This transformation is illustrate in Figure 6.
Note that, as shown in the graphical representation of the
transformation given in Figure 6, in both cases (transfor-
mation of multiplication and minus), we add as few nodes
as possible to the pre-existing APEG. Each transformation
only adds a polynomial number of node.

4.2 Expansion Functions

The expansion functions insert abstraction boxes with as
many operands as possible. They are the core of the ab-
straction process as they represent in a compact way expo-
nentially many >-equal expressions. Currently, we have de-
fined three expansion functions. From an algorithmic point
of view, each expansion function is applied through all the
nodes of the APEG, recursively. As the size of an APEG is
polynomial in the number of its leaves, the expansion func-
tions can be performed in polynomial-time.

Horizontal Expansion The horizontal expansion intro-
duces abstraction boxes which are built on some sub-trees
of an homogeneous part. If we split an homogeneous part
in two, both parts are also homogeneous. Then we can ei-
ther build an abstraction box containing the leaves of the
left part of the homogeneous structure, or the leaves of the
right part.

For example let us consider the expression e = > " | x;
and let some index m such that 1 < m < n. We can ei-

ther create a box B1 = (|+, (1,...,Zm)|) or a box By =

(| +, (Tm1, - -
parsing of 37", and keep a certain parsing of 331 ., (in
an englobing expression). In the second case we consider a
certain parsing of >7" | plus any parsing of Z?:mﬂ, in the
abstraction box. Let us call By and B the left and right
parts respectively. The horizontal expansion introduces in
the class of each binary operator two abstraction boxes: the
former containing all the leaves of the left part, and the
latter one the leaves of the right part. In addition the hor-
izontal expansion introduces one more abstraction box that
contains all the leaves of the whole homogeneous structure,
called global box. This transformation is illustrated in Fig-
ure 7. For an homogeneous part of n leaves we build all the

,Tn) |) In the first case we collapse all the

boxes | +, (1, .., Tm) | and | +, (Tmsgiy ey Tn) | Hence we

generate O(2n) boxes only, among the exponential number
of possible combinations.

Vertical Expansion The vertical expansion introduces ab-
straction boxes in an homogeneous structure by splitting it
into two parts. Here, the splitting is performed by consid-
ering in one hand the leaves contained in a sub-expression
and in the other hand the leaves that are not contained in
this sub-expression. Let us consider an homogeneous struc-
ture defined by a set P = {p1,...,pn} of operands and by
a binary operator *. Each binary node in the homogeneous
structure defines a sub-expression with a set {p},...,ps} C
P of leaves. The vertical expansion introduces for each bi-
nary node contained in the homogeneous structure an ab-
straction box defined by the x operator and the set P \
{p1,..., D} of leaves. This transformation is illustrated in
7. This transformation introduces O(n) boxes into an ho-
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Figure 6: Graphical representation of the homogenization transformations. Dotted nodes represent equiv-
alence classes and >-equal expressions e;...e; are represented by dashed trees. The top transformation
corresponds to the transformation over multiplication and the next two schemes illustrate the transformation

over minus, for an addition and a product respectively.

mogeneous part of size n.

4.2.1 Box expansion
The box expansion is designed to add new abstraction boxes
to the existing ones. We allow an abstraction box B’ =

() to be part of the operands of an abstraction box

B = (), if * = ' then we can merge P and P’ into a
new abstraction box B” = (|, PU P’|). For example, the

abstraction box B = (| +, (| +,(a,b,c) |,d,e) ) yields the ab-

straction box B” = (| +,(a,b,c,d,e) |). Note that the >-equal

expressions represented by B’ fully includes the >-equal
expressions represented by B. This transformation is illus-
trated in 7.

S. CORRECTNESS

In this section, we define the Galois connection which relates
sets of traces of the collecting semantics to APEGs.

5.1 Collecting Semantics

Let (e)= be the set of partial traces for the evaluation of
e including some steps of transformation of expressions into
>-equal expressions. In order to define this collecting se-
mantics, we need to introduce some transformation rules of
arithmetic expressions into other equivalent expressions. We
define > = Ui >; with Vi, 1 <i < n, >; C Expr X Expr.
We do not require that the >; relations are transitive since
we will compute the transitive closure >* of I>. For example,
we can set >1 = {((e1 + e2) + es,e1 + (e2 +e3)) € Expr?® :

e, ez, e3 € E:L‘p’l“}, >o = {((61 +€2) X ez, e; Xeg+ea X 63) €
Expr® : ei1, es, e3 € Expr} and >3 and >4 the relations
symmetric to I>1 and [>2, respectively. Finally, to make (e[)~
contain the partial traces of evaluation of e, we include in >
the relation — corresponding to the reduction rules of the
standard semantics of expressions. This relation is defined
below for addition, subtraction and product. The symbol *
stands for +, — or X.

V= V1 * U er — €} e2 — €

vl kv — v el xex — €] *xey vikey — vl kel

We define (je])> as the set >* of >-chains, i.e. the set of all
the sequences of form e>e; > ... > e, for some expressions
€1,...,e, such that Vi, 1 <i<mn, e; >e;+1 and e > el.

Obviously, the collecting semantics (lef) is often intractable
on a computer. For example the number of >-equal ex-
pressions is exponential if > contains the usual laws of the
real field (associativity, distributivity, etc.). Our abstrac-
tion of the collecting semantics by APEGs is an under-
approximation. We compute our APEG abstract value by
iterating a function ® I — IIY until a fixed point is
reached: [e]* = Fiz ®(L). The function ® corresponds to
the transformations introduced in Section 4. The correct-
ness stems from the fact that we require that a) ® is ex-
tensive, ie. Vt# € IIZ, t¥ C ®(¢*), b) ® is Scott-continuous
(ie. z Cy = ®(z) C ®(y) and for any increasing chain X,
Uzex®(z) = ®(UX)) and c¢) for any set of abstract traces
t*, y(t*) C (e = Y(®(t*) C (e)s. These conditions
holds for the transformations of Section 4 which only add
>-equal elements in APEGs and never discard existing el-
ements. By condition a), the chain C' made of the iterates



Figure 7: Graphical representation of the expansion transformations. Dotted nodes represent equivalent
classes and >-equal expressions e ...e; are represented by dashed trees. The dotted triangles with +(l4,...,[x)
written inside represent homogeneous parts and * denotes any binary operator. From top to bottom, the
figure represents the horizontal, vertical and box expansion transformations.

1, ®(L), <I>(2>(J_)7 ... is increasing. Then C' has an upper
bound since I1¥ is a CPO. The function ® being continuous,
Ueec®(c) = ®(UC) and, finally, by condition ¢) v([e]?) =
v(Fiz (L)) = y(Ueec®(c)) = v(2(UC)) E (e

Intuitively, computing an under-approximation of the col-
lecting semantics ensures that we do not introduce into the
APEG some expressions that would not be mathematically
equivalent to e using the relations in >. This is needed to
ensure the correctness of the transformed expression. Using
our conditions, any abstract trace of the resulting APEG is
mathematically correct wrt. the transformation rules of >
and can be chosen to generate a new expression.

5.2 Abstraction and Concretization Functions
For an initial expression e, the set (e])» contains both eval-
uation steps of the elementary operations and transforma-
tions of the expression e into >-equal expressions. The el-
ements of (e are of the form e > ¢’ > ... > e, where
e,e,...,e" are >-equal and we may aggregate them into
a global APEG since this structure has been introduced to
represent multiple >-equal expressions. So we define the
abstraction function «, as the function that aggregates each
expression contained in the traces in a single APEG. In or-
der to define the concretization function v we introduce the
following functions:

o the function C(p, w) which returns the set of sub-APEGs
of 7w which are in the same equivalence class than p.
In other words, C(p,7) = {p1,...pn} if there exists an
equivalence class (p1,...pn) in 7 and an index 1 <7 <
n such that p = p;,

e the composition o, of two traces by some operator *.
Intuitively, given evaluation traces t; and 2 for two ex-
pressions e; and ez we aim at building the evaluation
trace of e1 * e2. Following the rules of Equation (1),
o.(t1, t2) is the trace in which e; is evaluated first, fol-
lowing t1, then es is evaluated following ¢ and finally
the operation * is performed.

The concretization v of an APEG 7 € Il is defined by
induction by:

(i) if m = a where a is a leaf (i.e. a constant or a variable)
then ~(r) = {a},

(i1) if 1 = x(lop, rop) where x is a binary operator, and lop
and rop are the operands of *, then

y(m) = U
pr € C(lop)
pr € C(rop)

{tioxtr 1ty €v(m), tr € v(pr)},

(2)

(tit) if T = (p1,...,pn) then y(m) = U_; v(p:e),

(w) if @ = |*,(p1,...,p2)| then, by definition of an ab-
straction box, y(m) = U, p 7(p), where P is the set of
all the parsing of pi,...,p, using the binary operator

*(lop, rop) whose concretization is described in Point
(#t) of the definition.



5.3 The Abstract Domain of APEGs

In this section, we first show that the set of APEGs is a
complete partial order. Then we show the existence of a
Galois connection between sets of traces and APEGs.

First, we define Cp, the partial order on the set of ab-
straction boxes. Let Bi1 = |x,(p1,...,pn)| and let By =

M, we say that B: Co By if and only if the
following conditions are fulfilled:

(i) * =,
(i) Vp; € {p,..., P}, where p; is not an abstraction box,
Ip; € {p1,...,pn} such that p; = p;,
(iii) ¥p; € {p1,...,pm}, where p; is an abstract box Bz =
" !/ !/
" (pY,...,pr) | we have:

(a) if " = = then Vp € {p7,...,pi} if p; is not an
abstraction box then pj € {p1,...,pn}, else if p
is an abstract box then Jp; € {p1,...,pn} such
that p; is an abstract box and p} Cq ps,

if " # * then Jp; € {p1,...
abstract box and p; Cp pj.

We define the join Lig of two boxes B1 =|*, (p1,...,pn) |and
BQ: */’(p{l7"'7p’/rn) - LetB3 :|*7(p17"'7pn7pl17'"7p£7l) -

By definition, B; Lig B2 = Bz if * = %', otherwise, if * # *
then B; Lg B2 = T. Next we extend the operators Co and
Ug to whole APEGs. We obtain new operators = and L
defined as follows. For C, given two APEGs 71, 72 € Il we
have w1 C 72 if and only if one of the following conditions
holds:

(b)

,Pn} such as p; is an

(i) m = a, 72 = a’ and a = da’, where a is a constant or
an identifier,

(i) if m1 and 72 fulfill all of the following conditions: w1 =
x(lop, rop), where x is a binary operator and lop and
rop are its two operands, w2 = *'(lop’,rop’), * = ',
lop C lop’ and rop C rop/,

(i1i) if T1 = (p1,...,pn), T2 = (P1,...,Pm) and Vi, 1 < i <
n,34,1 < j < m such that p; C p},

(iv) if w1 is a fully homogeneous APEG made of the oper-
ator * and the nodes {p1,...,pn}, and w2 contains an

abstraction box B’ such that | *, (p;, ...,pn) | Co B’,

(v) if w1 = (p1,...,pn), T2 = x(lop,rop), lop = {p, ..., pi,
rop = {pl,...,py, } and Vp; € w1, Ip} € lop and Ip}, €
rop such that p; C *(pé—,pﬁ).

In order to define 71 Lime, with w1, w2 € I, we observe first
that 71 and 72 aim at containing >-equal expressions only.
The join of two APEGs 7 and 73 is defined as the union of
the corresponding trees. Boxes are joined using Lig and the
join of two nodes of the syntactic tree p1 and p2 yields the
equivalence class (p1,p2).

Finally we define | as the empty APEG, and T as the APEG
built with all the possible expression transformations of >.
We have the following Galois connection between the col-
lecting semantics and the APEGs:

(p((e)s), C) == (117, )

where p(X) denotes the powerset of X.

®3)

6. PROFITABILITY ANALYSIS

In this section we give an overview of how our profitability
analysis works. First, we recall how the roundoff errors are
computer. Next we briefly describe the search algorithm
employed to explore the APEGs.

We use an arithmetic which computes both the machine
result of some sequence of operations and the numerical er-
ror arising during this computation. This arithmetic cor-
responds to special cases of the semantics of floating-point
error with errors introduced in [9, 12]. We consider an arith-
metic in which error terms are attached to the floating-point
or fixed-point numbers. They indicate a range for the round-
off error due to the rounding of the exact value in the cur-
rent rounding mode. The exact error term being possibly
not representable in finite precision, we compute an over-
approximation and return an interval with bounds made of
multiple precision floating-point numbers. Indeed, the error
interval may be computed in an arbitrarily large precision
since it aims at binding a real number and, in practice, we
use the GMP multi-precision library [16]. Note that the er-
rors can be either positive or negative. This depends on
the direction of the rounding operation which can create ei-
ther an upper or a lower approximation. For example, in our
arithmetic, using the IEEE754 double precision, the result of
the operation 13 is 3.333333333333333-10"" with an inter-
val of error of [1.850371707708594-10~ 7, 1.850371707708595-
107]).

In our arithmetic, a pair (f,e) made of a floating or fixed-
point number f and of an error e is used to represent the
real number r = f + e rounded to f in the current computer
format. In practice, this is extended to intervals. By defini-

tion, the pair of intervals ([f, f], [e,€]) represents the set of

floating or fixed-point numbers belonging to [f, f] whose er-
ror with respect to the real number they aim at representing
belongs to [e, ]:

(If, f]; [e, &)
= B (4)
{(f,e)e FxR : felf,f], e€leel}

In Equation (4), F denotes the current format used to rep-
resent the number in memory (single or double precision)
and R denotes the set of real numbers.

Error terms are propagated among computations as defined
in equations (5-7). The error on the result of some operation
z < y is the propagation of the errors on x and y through
the operator ¢ plus the new error due to the rounding of
the result of the operation itself.

mJFy:(O(fz+fy)vez+ey+5(fz+fy)) (5)



l’_y:(O(fz_fy)vez_ey+5(fz_fy)) (6)

TXY = (O(fmxfy)a fyXez"’fzXey"’ezxey"‘f(fzxfy)) (7)

Let z and y be to values represented in our arithmetic by the
pairs (fz,ex) and (fy,ey) where f, and fy, are the floating-
point or fixed-point numbers approximating z and y and e,
and ey the error terms on both operands. Let o(v) be the
rounding of the value v in the current rounding mode and
let e(v) be the roundoff error, i.e. the error arising when
rounding v into o(v). We have by definition e(v) = v — o(v)
and, in practice, when v is an interval, we approximate o(v)
by [—3ulp(m), sulp(m)] in floating-point arithmetic, or by
[0, ulp(m)] in fixed-point arithmetic, where m is the maximal
bound of v, in absolute value, and ulp is the function which
computes the unit in the last place of m. The elementary
operations in our arithmetic are defined in equations (5-7).

For an addition, the errors on the operands are added to
the error due to the roundoff of the result. For a subtrac-
tion, the errors on the operands are subtracted. The se-
mantics of the multiplication comes from the development
of (fz+ez) X (fy+ey). For other operators, like division and
square root, we use power series developments to compute
the propagation of errors [9].

We use the former arithmetic to evaluate which expression
in an APEG yields the smallest error. The main difficulty
is that it is possible to extract an exponential number of
expressions from an APEG. For example, let us consider an
operator *(p1,p2) where p1 and ps are equivalence classes
p1 = (pi,...pn) and p2 = (p7,...pn). Then we have to
consider all the expressions *(pj,pj) for 1 < ¢ < n and
1 < j < m. In general, the sub-APEGS contained in p;
and p2 may be operations whose operands are again equiva-
lence classes. For example, we may have pj = x(q1, q2) with
q1 ={q1,...q,) and g2 = {q7,...qs) and we should consider
all the expressions *(x(qu, qv),pj) for 1 <i<mn,1<j <m,
1<u<rand1l <wv <s. Tocope with this combinato-
rial explosion, we only use a limited depth search strategy.
We select the way an expression is evaluated by considering
only the best way to evaluate its sub-expressions. This cor-
responds to a local choice. In our example, this consists of
considering only the best way to evaluate p; when exami-

nating *(p1, p2).

For a box B =|*,(p1,...,Pn) |, we use an heuristic which

generates an accurate expression (yet not always optimal).
The operands are sorted by increasing absolute values and
are then composed. For example, for the box defined by

B :| +,([0,2.0],[-5,0],[—0.5,0.5]) | we will generate the ex-
pression ([—0.5,0.5] + [0,2.0]) + [—5,0].

7. EXPERIMENTAL RESULTS

In this section, we present experimental results obtained us-
ing our tool, Sardana. First, in Section 7.1, we aim at show-
ing on specific examples that our techniques makes it possi-
ble to generate expressions whose shape strongly differs from
the original ones and which improve the numerical accuracy.
Next, in Section 7.2, we aim at showing the generality of our
techniques by presenting statistical results on large sets of
randomly generated expressions.
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Figure 8: Average improvement for summations.

7.1 Case studies

Figure 7.1 shows our results for our chosen examples. The
first line of the row describes the input of the program and
the original error while the second line shows the expression
which has been generated as well as the new error bound.
All these results have been obtained in less than one second
on a simple laptop computer (while the number of concrete
traces is huge even for small expressions).

First, let us consider a simple example: the expression 22+,
with z defined by an interval z € [800.0,1000.0]. All the
computations are carried out in IEEE754 double precision.
With z € [800.0, 1000.0], a factorized form of the expression
is better because z> > x. We can see in Figure 7.1 that
we successfully generated the expression x X (z + 1) instead
of 22 4+ z. In the second example, we complicate a bit the
former example. We replace z by a sum a1 + (a2 + (a3 +a4))
where a; € [200.0,250.0], 1 < ¢ < 4. We intend to have
the same result than earlier, disregarding of the shape of
the sums below, as the sums themselves do not introduce
significative rounding errors. We obtain:

S = ((((aa + a3) + a1) + a2) x ((((a4 + a3) + a1) + a2) + 1))

The horizontal expansion has efficiently collapsed each sum
Z?Zl a; into one abstract box, and the analysis has focused
on the product. This has drastically narrowed down the
search space. It also explains why, in our results, the terms of
the sum are not in the same order than earlier. It also points
out that our approach with abstraction boxes is efficient on
all the subparts of abstract APEGs.

To illustrate how the vertical expansion works, we consider
an unbalanced summation (Example 3) where X is far greater
than a, b, c,d. In the initial expression, X is added right at
the beginning of the summation and tends to absorb the
other values [5]. A better way to perform this summation
is to add X at the very end, allowing the other values to be
accumulated in a result that X cannot absorb. In this ex-
ample, the covering function ¢s inserts into the APEG the

node +(X, ), which represents exactly the ex-
pressions where X is added at last, and where the parsing
of the sum of a, b, c,d is not relevant. Our analysis returns
the expression (((a + b) + ¢) + d) + X (in this example the
abstraction box has generated by chance a sum where the
terms a, b, ¢ and d are in the same order as before).

Example 4 shows that our covering functions also have limi-
tations. If we modify the former example and insert X twice,
at two different places in the sum, our analysis is not able to
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Figure 9: Experimental results obtained with the Sardana tool.

extract both occurrences of X out of the sum. Nevertheless
it is able to locally modify the inner sums in order to put the
occurrences of X at the best place in the sub-expressons.

We end this section with two additional larger examples. In
examples 5 and 6, we consider two polynomial functions of
degree 6:

Pi(z) = ao + (a1z + (a2z? + (asz® + (asz? + (a52° + a629)))))

Py(z) = ((((a0 + a12) + a2x?) + azx®) + asz*) + asz®) + asz®

These functions represent the same polynomial but with op-
posite parenthesisations. Let P} and P} be the results of
our transformation:

Pi(z) = f
(a0 + a12) + ((((((asz) + a1) + agz?) x a*) + (azz®)) + aza?)

, Pi(a) =
(agx® + (a5z® + (asz® + (asz® + ((ao + a17) + (a272))))))

Pj is less accurate than P» as the order of the summation
is from the lowest degree to the highest, which favours the
absorption of intermediate results. It is not easy to explain
precisely the shape of P{ and P}, but it is obvious that in
order to reduce the error induces by Pi, our analysis has to
generate an expression whose shape is very different from
the original one. Conversely, P, and P4 are rather similar
as P> introduces less rounding error. let us remark that this
strongly depends on the value of  and on the values of the
coefficients a;,. We may claim that these expressions would
never have been produced by hand by a programmer.

7.2 Statistical Results

In this section, we present statistical results concerning the
reduction of the roundoff errors on randomly generated ex-
pressions. First, we consider summations whose operands
belong to intervals. Summations are fundamental in our do-
main since they correspond to the core of many numerical
algorithms (scalar products, matrix products, means, inte-
grators, etc). We use datasets inspired from [7] which are
designed to illustrate the different pitfalls of the summation
algorithms in floating-point arithmetic. We call large value
a floating-point interval around 10'®, medium value an in-
terval around 1, and small value an interval around 107,
We consider the following datasets:

e Dataset 1: Only positive sign, 20% of large values
among small values. There are absorptions and ac-
curate algorithms should first sum the smallest terms,

e Dataset 2: Only positive sign, 20% of large values
among small and medium values. The best results
should be obtained with sums in increasing order,

e Dataset 3: Both signs, 20% of large values that can-
cel, among small values. The most accurate algorithms
should sum the largest values first. In a more general
case, the best algorithms should sum in decreasing or-
der of absolute values. It is a classic ill-conditioned
summation,

e Dataset 4: Both signs, few small values and same
proportion of large and medium values. Large and
medium values are ill-conditioned. The best algorithms
should sum in decreasing order of absolute values.

For each of these datasets, we present in Figure 8 the aver-
age improvement on the error bound, i.e. the percentage of
reduction of the error bound. We test each dataset on dif-
ferent configurations: with 10 or 20 terms, and with several
widths of intervals: small width (interval width about 1072
times the values) or large width (interval width about 10
percent of the values). Each result is an average of the er-
ror reduction on 1000 randomly generated initial parsings of
the sums. For these datasets, our tool is able to reduce the
roundoff error on the result by 30% to 50% for a 10 terms,
and between 16% and 45% for 20 terms.

Figures 10 and 11 present the average improvement on the
roundoff error bound for more complex expressions. We use
the same datasets as before, however we use more complex
expressions some additions by products and subtractions.
Figure 10 presents the results obtained for randomly gen-
erated expressions with 45% of sums, 10% of products and
45% of subtractions. The Figure 11 presents the results ob-
tained for expressions containing 50% of additions, 25% of
products and subtractions. As shown in these figures, the
accuracy of the evalaution is improved of 20% in average.
This states that our tools transforms the original expres-
sions into new expressions whose evalution yields a roundoff
error 20% smaller than the original one in the worst case,
for any concrete dataset taken into the intervals for which
the specialization has been performed.
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Figure 10: Average improvement for complex ex-
pressions with 45% of plus, 10% of multiplications
and 45% of subtractions.
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Figure 11: Average improvement for complex ex-
pressions with 50% of plus, 25% of multiplications
and 25% of subtractions.

8. CONCLUSION

In this article, we have introduced a new technique to rep-
resent a large set of mathematically equal arithmetic ex-
pressions. Our goal is to improve the numerical accuracy of
an expression in floating-point arithmetic. We have define
an abstract intermediate representation called APEG which
represents very large set of arithmetic expressions that are
equal to an original one. We construct APEGs by using
only deterministic and polynomial functions, which allow us
to represent an exponential number of equal expressions of
very various shapes. The correctness is based on a Galois
connection between the collecting semantics of transforma-
tions of arithmetic expressions and our abstract domain of
APEG. Our experimental results show that, statistically, the
roundoff error on summations may be reduced by 40% to
50% and by 20% for polynomials. We intend to present in
more details the approach we use to explore APEGs and
select expressions, as well as the implementation of our tool.

We believe that our method can be improved and extended
in many ways. First, we want to introduce more expansion
functions in order to increase the variety of equal expressions
in APEGs. We already think about defining some expansion
functions to achieve partial regrouping of identical terms in
a sum. Then we want to extend APEGs in order to handle
the transformation of whole pieces of programs and not only
isolated arithmetic expressions. We intend to handle control
structure as well as recursive definitions of variables or it-
eration structure. At short term, we aim at transforming
small standalone programs such as embedded controllers or
small numerical algorithms.
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