
† ∗ + + +

1 †
2 ∗

3 +

vi ∈ [c1, c2]
vi = c vi ∈ aZ + b

α1v1 + · · ·+αnvn ≤ c
α1v1 + · · ·+αnvn = c α1v1 + · · ·+αnvn ≡ a

vi − vj ≤ c



x = f(x) f



(L,≤) ⊥ &
∪ ∩

f (L,≤) x ≤ y ⇒ f(x) ≤
f(y) f

x0 = ⊥ xn+1 = f(xn) n ≥ 0 x0 ≤ x1 ≤ . . .
xm = xm+1 m

xm f

∇ L
x0 = ⊥ x1 = f(x0) xk+1 = f(xk)
xn+1 = xn∇f(xn) n > k

xm f x x ≥ f(x)
k k



k = 10 ∆ L
xn+1 = xn∆f(xn) n > m

xm f

x1 = [0, 0]
x2 = ] −∞, 99] ∩ (x1 ∪ x3)
x3 = x2 + [1, 1]
x4 = [100, +∞[∩(x1 ∪ x3)

x1, . . . , x4 1, . . . , 4
f

[a, b]∇[c, d] = [e, f ] e =
{

a a ≤ c
−∞ f =

{
b d ≤ b
∞

[a, b]∆[c, d] = [e, f ] e =
{

c a = −∞
a

f =
{

d b = ∞
b

k = 10 f

x1
2 = [0, 0]

x1
3 = [1, 1]

x1
4 = ⊥

. . .
x9

2 = [0, 8]
x9

3 = [1, 9]
x9

4 = ⊥

x10
2 = [0,∞[

x10
3 = [1,∞[

x10
4 = [100,∞[

x11
2 = [0, 99[

x11
3 = [1, 100]

x11
4 = [100, 100]

f L f
G



f G

G X
L x ∈ X g ∈ G

g(x) ≤ h(x) h ∈ G

f = inf G G
x ∈ X f(x) = g(x) g ∈ G

L = R L f(x) =
⋂

1≤i≤m(ai +
x) ∪ bi , ai, bi ∈ R

G m x -→ (ai +x)∪bi

m = 5
b1 = −5, a1 = 2.5, b2 = −3, a2 = 0.5, b3 = 1, a3 = −3, b4 = 1.5, a4 = −4, b5 =
2.5, a5 = −4.5 f

f−

f L

G
L f = inf G f− = infg∈G g− .

Rn

G L

f = inf G

k = 1 g1 ∈ G
xk gk

f(xk)
f(xk) = xk xk

gk+1 f(xk) = gk+1(xk) k

gk xk = g−k X ⊂ L
X



L G
k xk = g−k gk

{g− |
g ∈ G} G

xk ∈ L f(xk) ≤
xk xk

f
g5(x) = b5 ∪ (a5 + x) = 2.5 ∪ (−4.5 + x) +∞

2.5 x1 = 2.5 f(x1) = g2(x1)
g2(x) = b3 ∪ (a3 + x) = 1 ∪ (−3 + x) x2

g2 x2 = 1 f(x2) = x2

−∞ 11

g2

g5

x2 x1 x

y

x2 x3 x11

xk = g−k
f

x -→ a1 ∪ (b1 + x) x -→ a2 ∪ (b2 + x)
x1 = ∞ f ∞



f Rn

Rn → Rn

‖f(x) − f(y)‖∞ ≤ ‖x − y‖∞ x, y ∈ Rn f

G Rn

G f = inf G
xk = g−k g ∈ G

f(xk) = g(xk) xk f

R f(x) = 0 ∩ (1 + 2x) G
x -→ 0 x -→ 1 + 2x

g1 = 0 x1 = 0 g1

g G g(0) = f(0) x1

f f(−1) = −1

g f(xk) = g(xk)
xk f

g ∈ G g(xk) = f(xk)
g xk g

f

xk f G

xk

gk g−k
gk

gk

gk

xk

gk xk

gk

I(R) R



I ∈ I(R) I = [−a, b] := {x ∈ R | −a ≤ x ≤ b} a, b ∈
R ∪ {±∞} ψ : I -→ (a =
− inf I, b = sup I) I(R) → R2

R2 ψ ı : (a, b) -→
[−a, b] ψ ı

f I(Rn) (R2)n ψ ◦ f ◦ ı
f f ı

f

V ar

[[.]]
[[.]]

x1, . . . , xn

xi [−x−
i ; x+

i ]

I(R)

I = [−a, b] ↑ I = [−a,∞[ ↓ I =] −∞, b]

(I(R))n → (I(R))p

f fj : x = (x1, . . . , xn) -→ fj(x)
G

CSTE ::= [−a, b] V AR ::= xi

EXPR ::= CSTE | V AR | EXPR + EXPR |
EXPR ∗ EXPR | EXPR/EXPR | EXPR − EXPR

TEST ::= ↑ EXPR ∩ EXPR | ↓ EXPR ∩ EXPR | CSTE ∩ EXPR
G ::= EXPR | TEST | G ∪ G

i {1, . . . , n} a, b
R



F x1, . . . , xn

V ar x−
i = − inf xi x+

i = supxi

xi = [−x−
i , x+

i ] CSTE V AR EXPR TEST

x = f(x) f
F I = [−a, b]

J = [−c, d] l(I, J) = I l r(I, J) = J r
m(I, J) = [−a, d] m (I, J) = [−c, b] m

G∪ G
∩

G∪ ::= EXPR | ↑ EXPR | ↓ EXPR | G∪ ∪ G∪ |
l(G∪, G∪) | r(G∪, G∪) | m(G∪, G∪) | m (G∪, G∪)

F∪ l(G, G)
r(G, G) m(G, G) m (G, G) m m

G1 ∩ G2 = l(G1, G2) ∩ r(G1, G2) ∩ m(G1, G2) ∩ m (G1, G2)

f ∈ F Π(f)
F∪

G1 ∩ G2 l(G1, G2), r(G1, G2), m(G1, G2) m (G1, G2)

f
Π(f) f = inf Π(f)

l r m m

G1∩G2

f



G1 ∩G2

G1 G2

+∞ −∞ G1 G2

G1 = [−a,∞[ G1 ∩ G2

m(G1, G2) G1 G2

G1 ∩G2

f

G∪

′
′

′
′

′



≤ ≥
′

m
i

i x2 m x4

(i3, j3) = (] −∞, max(j2, j5)] ∩ (i2 ∪ i5), [min(i2, i5), +∞[∩(j2 ∪ j5))
(i6, j6) = ([min(j2, j5) + 1, +∞[∩(i2 ∪ i5), ] −∞, max(i2, i5) − 1] ∩ (j2 ∪ j5))

m i m
j m i m
j ′

(i16, j1
6) = ([1, 12], [0, 11]) j

[0, 10] [0, 11]
j j

∩ j
∩

j r
′

(i26, j2
6) = ([1, 12], [0, 10])



i = [101, 101] j = [−100, 120] k = [4, 9]
i = [101, 101] j = [−100, +∞] k = [4, 9]

i4 = [0, 0]
j4 = [−100,−100]
k4 = [9, 9]

i4 = [0, 1]
j4 = [−100, 20]
k4 = [4, 9]

i4 = [0, 9]
j4 = [−100, 28]
k4 = [4, 9]

i4 = [0, +∞]
j4 = [−100, +∞]
k4 = [4, 9]



j
i j

G∪




